Using the chiral algebra bootstrap, we revisit the simplest Argyres-Douglas (AD) generalization of Argyres-Seiberg S-duality. We argue that the exotic AD superconformal field theory (SCFT), T 3, , emerging in this duality splits into a free piece and an interacting piece, T X , even though this factorization seems invisible in the Seiberg-Witten (SW) curve derived from the corresponding M5-brane construction. Without a Lagrangian, an associated topological field theory, a BPS spectrum, or even an SW curve, we nonetheless obtain exact information about T X by bootstrapping its chiral algebra, χ(T X ), and finding the corresponding vacuum character in terms of Affine Kac-Moody characters. By a standard 4D/2D correspondence, this result gives us the Schur index for T X and, by studying this quantity in the limit of small S 1 , we make contact with a proposed S 1 reduction. Along the way, we discuss various properties of T X : as an N = 1 theory, it has flavor symmetry SU(3) × SU(2) × U(1), the central charge of χ(T X ) matches the central charge of the bc ghosts in bosonic string theory, and its global SU(2) symmetry has a Witten anomaly. This anomaly does not prevent us from building conformal manifolds out of arbitrary numbers of T X theories (giving us a surprisingly close AD relative of Gaiotto's T N theories), but it does lead to some open questions in the context of the chiral algebra / 4D N = 2 SCFT correspondence.
Introduction
Four-dimensional (4D) superconformal field theories (SCFTs) often admit exactly marginal deformations (the spaces of these deformations are typically called "conformal manifolds").
In the context of theories with N ≥ 2 supersymmetry (SUSY), one can easily obtain examples with exactly marginal deformations by coupling a gauge multiplet to precisely enough matter so that the one-loop beta function vanishes. A canonical example of this phenomenon occurs in su(N) N = 4 Super Yang-Mills (SYM). At the level of the Lie algebra and the local operators, this theory is self-dual:
1 as we vary the exactly marginal gauge coupling, τ , towards a strong-coupling cusp on the conformal manifold, an S-dual weakly coupled su(n) N = 4 SYM theory emerges. A similar story holds in su(2) N = 2 gauge theory with four fundamental flavors [2] .
On the other hand, the S-duality in su(3) N = 2 gauge theory with six fundamental flavors is dramatically different [3] . As one takes the gauge coupling to infinity, Argyres and Seiberg found that, instead of getting a weakly coupled S-dual description in terms of another su(3) gauge theory with fundamental matter, one instead finds a dual consisting of an su(2) theory coupled to a doublet of hypermultiplets and an su(2) ⊂ e 6 factor of the global symmetry of the Minahan-Nemeschansky E 6 SCFT [4] .
The message of [3] is clear: sometimes, starting from vanilla building blocks, the "mat-
ter" that appears via N = 2 S-duality is not standard matter (i.e., hypermultiplets) but is instead a strongly coupled isolated SCFT 2 whose global symmetry (or a proper subgroup thereof) is weakly gauged. 3 Moreover, S-duality can be a machine for generating exotic isolated theories.
This latter point was driven home in [5] . Indeed, Gaiotto generalized [3] to higher-rank gauge theories and, in the process, found an infinite number of new isolated SCFTs-the socalled T N theories-at strong-coupling cusps on the resulting conformal manifolds. 1 See the recent analysis in [1] for a discussion of subtleties at the level of the gauge group and the line operators.
2 By "isolated," we mean a theory that lacks an exactly marginal deformation. 3 The corresponding contribution to the beta function-the current two point function coefficient, k-is often exactly computable since it is given by a contact term in the correlator of the superconformal U (1) R current with two flavor currents. 4 The T 3 case is just the E 6 SCFT of [4] , and the T 2 case is eight free half-hypermultiplets. However, the T N SCFTs with N ≥ 4 are new isolated theories. 5 The T 3 case has an enhanced E 6 ⊃ SU (3) 3 global symmetry, but the discussion below applies to this theory as well. A similar discussion holds for the T 2 theory, which has Sp(4) ⊃ SU (2) 3 global symmetry.
(A 1 , D 4 ) theory while the U(1) ⊂ U(3) symmetry is furnished by the (A 1 , D 4 ) SCFT. In [11] , this theory was called the "T 3,2, The S-dual frame of this theory is given in Fig. 2 and consists of an SU(2) gauge theory coupled to an (A 1 , D 4 ) factor and a more exotic AD theory called the T 3, 3 2 SCFT [11] which has flavor symmetry G ⊃ SU(3) × SU (2) . 10 Therefore, in rough analogy with ArgyresSeiberg duality, the strongly coupled (A 1 , D 4 ) theory plays the role of the hypermultiplets on the SU(2) side of the duality and the T 3, 3 2 theory plays the role of the E 6 = T 3 theory.
However, upon closer inspection, the analogy with Argyres-Seiberg duality seems to break down. Indeed, the anomalies of the T 3, 3 2 theory were computed in [11] and found to Using these symmetries, one cannot construct conformal manifolds built only out of arbitrary numbers of T 3, 3 2 SCFTs and conformal gauge fields. The reason is that the contribution to the SU(2) beta function in (1.3) is too large and the required SU(2) gauging would be infrared (IR) free. This state of affairs is quite unlike the E 6 = T 3 case described above, where an arbitrary number of such theories can be concatenated by gauging enough diagonal symmetries.
Still, there are some puzzles in the above picture. To begin with, the flavor symmetry group of the T 3, 3 2 theory is not obvious. One standard way to find such symmetries for
SCFTs that, like the T 3, 3 2 theory, can be derived from M5-branes wrapping a (punctured)
Riemann surface, C, (so-called class S theories) is to construct the Hitchin system corresponding to the theory [10, 12] . In particular, the Hitchin system has a meromorphic 1-form, ϕ(z)dz, with singularities at the punctures of C. In the case of the T 3, 3 2 SCFT, one 10 This latter theory first appeared in the classification of [10] (using the nomenclature of this paper, T 3, .
can construct the corresponding ϕ using the methods in [10] ϕ(z)
where we have expanded around a third-order pole at z = ∞ (ϕ is non-singular at all other points z ∈ C = CP 1 ), and the M i are the following diagonal traceless matrices The flavor symmetries are then read off by studying the independent parameters appearing as coefficients of the simple pole, i.e., the entries of M 3 .
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This traceless matrix has three degrees of freedom which correspond to the Cartans of SU(3) × SU (2) . Therefore, according to this description, G T 3, 3 2 = SU(3) × SU (2) . One reaches the same conclusion by constructing the Seiberg-Witten (SW) curve from this description via the spectral curve, det (xdz − ϕ(z)dz) = 0, and looking at the mass parameters (i.e., the simple poles in the SW 1-form, λ = xdz).
On the other hand, one often computes flavor symmetries of strongly interacting 4D N = 2 theories by taking their S 1 reductions and studying the mirror theory (which may sometimes be described by a Lagrangian that flows to the same 3D N = 4 SCFT). Now, the T 3,
The factorized form of the T 3,
SCFT into a decoupled free hypermultiplet and the interacting T X SCFT.
mirror symmetry [14] , one expects, upon performing an S 1 reduction, the enhancement of
2 with a decoupled hypermultiplet.
A priori, there are various possible resolutions to the different predictions for G T 3, 3
2
.
First, it could be that the extra SU(2) factor is an accidental symmetry at energies E ≪ R −1 (where R is the radius of the compactification circle). Second, it could be that the 4D description around (1.4) from the M5 brane simply misses some flavor symmetries.
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Finally, it could be that neither description gets the correct symmetries.
We claim the 3D quiver of Fig. 3 captures the full flavor symmetry and the 4D description around (1.4) does not. In particular, we will argue that the T 3,
SCFT splits into a free hypermultiplet and an interacting theory, T X , as in Fig. 4 and that the SU(2) symmetry detected around (1.4) corresponds to a diagonal subgroup of the SU(2)
factor.
Happily, the interacting T X theory then has (N = 2) flavor symmetry G T X = SU(3)×SU (2) and the following anomalies
In particular, we can now, in more direct analogy with the E 6 = T 3 theory, construct
suggest that the presence of a free monopole operator can be detected by looking at each gauge node in the quiver and counting the number of local flavors. If this number reaches a certain threshold, then the theory produces a free monopole after one turns on the corresponding gauge coupling(s) and flows to the IR (the theory is then referred to as "ugly" in the nomenclature of [13] ). However, it is straightforward to check that the quiver in Fig. 3 should have no free monopoles by these tests and no accidental superconformal R symmetries. The resolution to this puzzle is that the free monopole depends on the global topology of the quiver-it has non-trivial flux through each gauge node-and so the linear quiver tests of [13] do not apply. 13 A similar phenomenon occurs in some theories with only regular punctures.
14 Somewhat intriguingly, as an N = 1 theory, the flavor symmetry is SU (3) × SU (2) × U (1). Note that since the U (1) symmetry comes from the N = 2 U (1) R × SU (2) R symmetry, it is chiral (although the SU (3) × SU (2) factors are not by the general analysis of [15] ). We are not aware of another method in field or string theory to impose a minimality condition and find SU (3) × SU (2) × U (1) as a set of symmetries.
However, note that these are genuine (global) symmetries and not gauge symmetries as in the Standard Model.
conformal manifolds just from arbitrarily many T X theories and conformal gauge fields.
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On the other hand, we need to be careful when constructing theories by gauging the SU (2) factor since it has a Z 2 Witten anomaly [16] ! Indeed, as argued in [11] , the (diagonal) T 3, 3 2 SU(2) factor is anomaly free. However, since a single hypermultiplet has a Witten anomaly, the T X theory must have a non-trivial compensating anomaly.
In order to substantiate our claim in Fig. 4 and also to further examine the analogy between the T X theory and the T N theories, we must go beyond the simple description around (1.4). To that end, we will focus on the "Schur" sector [17] of the various component theories in our duality. This is a sector of operators that contains a wealth of information and is often exactly solvable, since it contains the (hidden) symmetries of a 2D chiral algebra [18] .
In order to get a handle on the Schur sector, it is useful to first compute the limit of the superconformal index (i.e., the "Schur" index) that captures contributions only from operators in this sector (i.e., the "Schur" operators). For our starting point in Fig. 1 , this computation can easily be carried out using the results of [19, 20] . Invariance of the Schur index under S-duality guarantees that we then also have the index for the theory in Fig.   2 .
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Obtaining the index of the T X theory itself is somewhat more delicate. However, using a recent conjecture in [21] (proven in [22] and reviewed in Appendix A), we are able to find the Schur index of T X from the index of the quiver in Fig. 2 using the inversion theorem in [23] . Our use of the result in [23] is in the same spirit that it was used by the authors of [24] to determine the index of the E 6 SCFT (however, there are some technical differences, because our SU(2) duality frame involves an additional strongly interacting factor).
In order to check our index computation and also to gain more insight into the T X theory, we bootstrap its chiral algebra, χ(T X ), (and hence by the correspondence of [18] , we find its Schur operators) using techniques described in [25] . In particular, we show that there is a unique consistent chiral algebra with the (minimal) number of generators required, via the correspondence in [18] , for compatibility with our inversion result and the anomalies in (1.6). Then, using arguments closely related to those in [25] , we argue 15 Since now we can build an infinite linear quiver of T X theories where we alternate gauging SU (2) and SU (3) flavor symmetry factors. 16 Moreover, the consistency of the resulting picture we will find below bolsters the claimed duality in Fig. for an exact expression for the vacuum character of χ(T X ) in terms of certain "diagonal" su(2) −2 × su(3) −3 Affine Kac-Moody (AKM) characters. By the correspondence of [18] , this
gives us a simple closed-form expression for the Schur index of the T X theory and allows us to recover the S 3 partition function of the proposed 3D mirror in Fig. 3 by taking the q → 1 limit of this quantity.
As we will see, our expression for the Schur index in terms of AKM characters reveals a much deeper connection with the T N theories: the "structure constants" that emerge are precisely those of the T 2 theory (although the AKM characters we sum over are different, they are in one-to-one correspondence with those we sum over in the T 2 case). We explore these connections in greater detail below and also comment on some consequences of the non-trivial Witten anomaly of the T X theory for the 2D/4D correspondence of [18] .
Before proceeding, let us discus the plan of the paper. In the next section, we review the basics of the Schur sector and its correspondence with 2D chiral algebras. With this formalism under our belts, we give a simple argument for the factorization in Fig. 3 . We then move on to describe the Schur index of the T X theory via the S-duality of [11] . Using this result, we bootstrap the corresponding chiral algebra, construct its vacuum character, and make contact with Fig. 3 . We then compute the Hall-Littlewood index of our theory using the data in Fig. 3 and compare it with our Schur index in order to highlight some subtle aspects of the Schur sector. We conclude with a discussion of various open problems suggested by our work.
The Schur sector and the 4D/2D correspondence
In this section we conduct a lightning review of Schur operators and the parts of the associated 4D/2D correspondence described in [18] that are useful for us below. These operators sit in short multiplets of the 4D N = 2 superconformal algebra and satisfy 
where E is the scaling dimension, R is the SU(2) R weight, j 1,2 are the Lorentz weights, and r is the
The Schur operators also give the unique contributions to a simpler (but highly nontrivial) limit of the superconformal index called the Schur limit
where the trace is over the Hilbert space of local operators, H, F is fermion number, |q| < 1 is a superconformal fugacity, the |x i | = 1 are flavor fugacities, f i are flavor charges, and
. Schur operators sit in the following multipletŝ
where we have used the notation and conventions of [6] . [17] . It is an interesting general question to understand the class of theories whose HL ring includes D R(0,j 2 ) ⊕D R(j 1 ,0) . 19 As we will see below, the HL ring of the T X theory is generated only by operators of typeB R .
17 See also [26] . 18 Although the case with R = j 1 = j 2 = 0 is just the free abelian vector multiplet, and the Schur operators are highest weight gauginos. 19 In the class S construction, the existence of these operators can sometimes be related to the topology of the compactification surface, C [17] .
The authors of [18] found a general organizing principle for all of the above operators:
they are related to a 2D chiral algebra. More precisely, the Schur operators define nontrivial cohomology classes with respect to a nilpotent supercharge, While the precise details of the map between 4D and 2D are somewhat technical, the basic results are intuitive. For example, we have the following correspondences [18] χ J 6) where χ [· · · ] takes a 4D Schur operator to its 2D counterpart. As one might naturally expect, T is the holomorphic stress tensor, J I is an AKM current (I is an adjoint index), and ∂ is the holomorphic derivative in P. Note that any local 4D N = 2 SCFT has a stress tensor and therefore, by N = 2 SUSY, a J
++
operator. As a result, (2.6) tells us that the associated chiral algebra must contain at least a Virasoro sub-algebra. Moreover, 4D theories with flavor symmetries have an associated chiral algebra with an AKM subalgebra.
Interestingly, there is a universal map between the corresponding anomalies in 4D and 2D
for the universal currents we have just described [18] 
More generally, the chiral algebras arising via this correspondence typically contain generators 21 beyond the ones appearing in (2.6). However, all generators must satisfy basic consistency conditions in the form of Jacobi identities
In the notation of [18] , the twisted-translated Schur operators are written as O(z,z) ≡
, where i k are SU (2) R spin-half indices and u i ≡ (1,z). 21 Generators are defined to be the operators whose normal-ordered products-along with their derivatives-span the chiral algebra.
where we take
is the singular part of the OPE of the operators enclosed, and we have assumed the O i are all bosonic (as we will see is the case for χ(T X ) below). These constraints are the basis of the chiral algebra bootstrap, and we will make heavy use of them in Sec. 6.
Finally, we note that the holomorphic dimension in the chiral algebra, h, satisfies
Moreover, the torus partition function of the chiral algebra can be written as follows
where M ⊥ = j 1 − j 2 , and the relation to the Schur index is
This equation allows us to read off the vacuum character of the chiral algebra from the Schur index and is instrumental in allowing us to find the set of generators of χ(T X ) below.
Therefore, we see that the Schur sector of the theory contains a remarkably constrainedbut still interesting-set of operators that are complementary to the Coulomb branch degrees of freedom characterizing the SW curve description discussed in the introduction.
22
Since chiral algebras are such rigid objects, finding a unique chiral algebra with a particular set of generators and anomalies that satisfies Jacobi identities like those in (2.8) is strong evidence for having found the Schur sector of a 4D theory exactly.
In the next section, we will apply our above discussion and argue for the factorization in Fig. 4 . Along the way, we also make use of the results in [19, 20] .
3. A chiral algebra argument for T 3,
To understand why the T 3,
theory factorizes, note that a simple consequence of the duality discussed in the introduction is that the spectrum of gauge invariant operators arising from the quiver in Fig. 1 must match the spectrum of such operators arising from the quiver in 22 However, these operators are not independent of the Coulomb branch sector. Indeed, a study of the Schur index of AD theories reveals that the q → 1 limit of the index secretly encodes Coulomb branch physics [27] (see also related work in [28] ). Moreover, the Schur index can be computed from particular sums over BPS states on the Coulomb branch [20] .
the dual frame in Fig. 2 . In particular, the SU(3) side of the theory clearly has dimension three and SU(2) R weight
that are charged under the baryonic U(1) ⊂ U(3) factor of the flavor symmetry. Moreover,
and so these degrees of freedom are Schur operators of typeB3
By (2.9), Such operators are in turn related to 2D chiral algebra primaries B andB of holomorphic scaling dimension h = E − R = AKM chiral algebra [19, 20, 29, 30] 23 generated by
is an adjoint index of SU (3)). , with a field of dimension one (and h = 1/2). 24 In other words, we must have a sector consisting of a hypermultiplet, Q i (with i = 1, 2), charged under the gauged SU(2) (recall that the hypermultiplet has Sp(1) ≃ SU(2) flavor symmetry) from which we can construct SCFT splits into a free hyper and another theory which we call T X (as in Fig. 4 ). 25 Moreover, as discussed in 23 See also the beautiful recent generalization in [31] . 24 In fact, the baryons map to generators of the chiral algebra related to the theory in Figs. 1 and 2. Note that, in accord with the bound in [32] , this chiral algebra has at least three generators, since there are also multiple generators with h = 1 as well. 25 One may also derive this result using facts about the moduli spaces of vacua for the theories in our the introduction, since the T 3, theory doesn't have a Witten anomaly for its SU(2) global symmetry subgroup but the free hypermultiplet does, the SU(2) global symmetry subgroup of the T X theory has a Witten anomaly. We will see an interesting consequence of this fact below. This discussion also derives the result in (1.6) from (1.3).
In the next section, we begin a deeper exploration of the T X theory. To do so, we first construct the Schur index of the theory. After finding this index, we will conjecture a chiral algebra, χ(T X ), that reproduces it and then use bootstrap techniques to confirm our conjecture.
The Schur index of T X from S-duality and inversion
In order to get more detailed information about the T X theory, we compute its Schur index using the S-duality described in Fig. 1 and Fig. 2 . Indeed, since the index is invariant under S-duality, the Schur indices of the theories in these two figures must agree. On the SU(3) side of the duality, it is easy to compute the Schur index as follows
where the measure of integration is the SU ( [19, 20] ). Now, on the SU(2) side of the duality, we have
where
is the Schur index of the T 3, 3 2 theory. From the general discussion in the previous section and Fig. 4 , we must have
In order to compute the index in (4.3), we will use an inversion procedure based on the theorem in [23] to extract it from the expression in (4.2). Roughly the same basic procedure was first used in [24] to extract the index of the E 6 SCFT from Argyres-Seiberg duality.
However, there are some technical differences (due to the fact that our SU(2) duality frame has an additional strongly interacting factor) in our use of [23] that are reviewed in Appendix B. One important precondition for our inversion procedure involves the use of a conjectured form for I (A 1 ,D 4 ) (q, x 1 , x 2 ) due to Xie-Yan-Yau (XYY) [21] (recently proved in [22] and reviewed in Appendix A) that is compatible with its known form in [19, 20] 
where the "plethystic exponential" is defined as we will a posteriori justify the assumptions used in applying this theorem by finding a consistent symmetry structure for our index). One surprising fact we will uncover later on is that, when appropriately re-written, I T X will also be closely related to a Schur index for free fields.
Applying the procedure in Appendix B, we find that the Schur index of the T 3, 3 2 theory can be written as
where (a; q) denotes the q-Pochhammer symbol
and we also use the condensed notation
Expanding (4.6) perturbatively in q we obtain
where χ λ ≡ χ λ (w) is the character of the spin λ 2 representation of SU (2) and
is the character of the SU(3) representation with Dynkin labels λ 1,2 ∈ Z ≥0 .
One check of (4.6) and (4.9) is that they are compatible with the factorization we argued for in Sec. 3 and explained at the level of the index in (4.3). In particular, we see a free hypermultiplet at O(q 1 2 ). Moreover, the total global symmetry of the T 3, 3 2 theory is then, as explained in the introduction, SU(2) 2 × SU(3) with one SU(2) factor coming from the free hypermultiplet. 26 Although this enhancement is not quite as dramatic as the E 6 enhancement of flavor symmetry observed in the example studied in [24] , we will find a much deeper statement about the (hidden) symmetries of this theory (and hence the consistency of our picture) by bootstrapping the chiral algebra associated with T X below.
As a first step towards this goal, we arrive at the index of the T X theory by dividing both sides of (4.3) by the free hypermultiplet contribution
which has, as promised, SU(2) × SU(3) global symmetry (we see currents in the adjoint of this symmetry group at O(q), and the index organizes into characters of this symmetry).
In the next section, we use this expansion to conjecture the generators of the associated chiral algebra, χ(T X ). We then bootstrap this chiral algebra and show that it is consistent (in the sense that it obeys Jacobi identities of the form reviewed in (2.8)). Moreover, we will argue that it is the unique such chiral algebra with the generators we conjecture and the anomalies required from the discussion in the introduction and Sec. 2.
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26 Note that, on the SU (2) side of our duality, we gauge the diagonal SU (2) ⊂ SU (2) 2 to construct the theory in Fig. 2 . 27 We will also see that, for example, the central charge of the chiral algebra is fixed to be c 2d = −26 given our generators and AKM levels. Similarly, the AKM levels are fixed given our generators and c 2d = −26 (here we assume that the 2D chiral algebra is related to a unitary 4D SCFT by the correspondence of [18] ).
A chiral algebra conjecture
From the simple expansion presented in (4.10), we can immediately conjecture the generators of the corresponding chiral algebra in the sense of [18] reviewed in Sec. 2. Indeed, using the map in (2.11), (4.10) is also an expansion for the character of the vacuum module of the chiral algebra we want to find.
The only possible contributions in the vacuum module at O(q) must come from AKM currents, which, in this case, are for su(2) −2 × su(3) −3 . We have used (1.6) and (2.7) to fix the levels of the AKM algebras to the so-called critical levels (these are k = −h ∨ , where h ∨ is the dual Coxeter number). As in the case of the T N theories (with the exception of the T 3 = E 6 theory which has enhanced E 6 ⊃ SU (3) 3 flavor symmetry and the T 2 theory which has Sp(4) ⊃ SU(2) 3 symmetry and no AKM currents as generators), this discussion means that the holomorphic stress tensor of the chiral algebra must be an independent generator, since the Sugawara stress tensor is not normalizable (note that from (1.6) and (2.7) we have c = −26 for the Virasoro subalgebra 28 ). Looking at O(q Note that this conjecture is consistent with the simplicity of AD theories: to get the chiral algebra of T X , one needs to add only a single additional generator (really 16 generators if one counts all the allowed a, I pairs) beyond the universal ones required by 4D symmetries. Indeed, this algebra is considerably simpler than those of the interacting T N theories (even the T 3 = E 6 theory has a larger number of generators by virtue of its large global symmetry).
We will give convincing evidence for this conjecture in Sec. 6, where we will show there is a unique consistent chiral algebra satisfying this conjecture. For now, we also give some 28 Amusingly, this value is the same as the c anomaly for the bc ghost system. . However, these operators have the wrong multiplicity and, on general grounds, should not be present in this theory [33] (note that they also satisfy free field equations of motion and so presumably should not appear on such grounds as well).
powerful circumstantial evidence in favor of our proposal. In particular, if this conjecture is correct, then all contributions appearing in (4.10) can be generated by plethystic exponentials of our generators modulo constraints. Assuming our conjecture is correct, we find some natural operator relations at low order in q
• A singlet relation at O(q 2 ). As we will see in greater detail below, we expect that
where we will fix the non-zero constant of proportionality in the next section. The motivation for this relation is that the su(2) −2 × su(3) −3 subalgebras of χ(T X ) are at the critical level. Therefore, in their respective modules, the LHS and RHS of (5.1) separately vanish. However, it is natural to expect that, as in the case of the T N theories [25] , one linear combination of these operators becomes non-null in the full chiral algebra and therefore remains as a non-trivial operator.
• At O(q 5 2 ) we have two operator relations with quantum numbers 2 × 8.
• At O(q 3 ) we have many operator relations. One important set of relations are the singlets of the form
The first relation again follows from the fact that the flavor symmetry is at the critical level and is a non-trivial statement, while the last two relations are a simple consequence of bosonic statistics.
Bootstrapping the Chiral Algebra of T X
One strong piece of evidence in favor of our conjecture in the previous section is that there exists a (unique) set of operator product expansions (OPEs) among the generators described there that is consistent with Jacobi identities of the type described in (2.8). To understand this statement, let us consider the most general OPEs among the generators. The nonvanishing singular parts of the OPEs among the stress tensor and the SU(2) × SU (3) currents are completely fixed by Ward identities to take the form
where f IJK is the structure constant of su (3) and, as discussed in the previous section,
= −2 and k su(3) 2d = −3. Moreover, since there is no generator with h = 1/2, W a I has to be a primary of the Virasoro and su(2) −2 × su(3) −3 algebras. This fact implies the following singular parts of the OPEs:
where the σ A are Pauli matrices.
On the other hand, the OPE between W a I and W b J is not fixed by the symmetries.
Therefore, we adopt the following general ansatz for the singular parts of this OPE: imply that
Note that this condition fixes all the OPE coefficients except for a 5 . Moreover, it turns out that, with a 6 = (2 − 3a 5 )/12 imposed, the undetermined parameter a 5 is only coupled to a null operator. Indeed, under the condition a 6 = (2 − 3a 5 )/12, the only a 5 -dependent term
Since the OPEs of this operator with the generators only involve operators of holomorphic dimension larger than or equal to its own dimension, (6.5) is a null operator. Therefore, we set a 5 = 0 in the rest of this section.
Let us now look at the Jacobi identities among W a I , W b J , and W c K . With the condition (6.4), they are automatically satisfied up to the following operators:
Since the OPEs of these operators with the generators of the chiral algebra only involve operators of holomorphic dimensions larger than or equal to their own dimensions, the above two operators are both null. This means that (6.4) is consistent with all the Jacobi identities among the generators. The existence of such a consistent W W OPE is strong evidence for our chiral algebra conjecture in the previous section.
Another interesting observation is that the chiral algebra generated by T, W a I , and −26. Indeed, when we do the above analysis with c 2d unfixed, we see that the Jacobi identities among the generators imply c 2d = −26. Similarly, if we take c 2d = −26 with the levels of the AKM algebras unfixed, we can show that the Jacobi identities imply that k SU (2) = −2 and k SU (3) = −3.
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We have seen there are at least three null operators up to h = . These three null operators are perfectly consistent with the 4D operator relations discussed in Sec. 5.
Finally, we note that the following normal-ordered product
does not vanish. On the other hand, as we will see below when we discuss the HL chiral ring, there is a non-trivial operator relation for the 4DB R ancestors of these operators.
However, as we will explain in greater detail below, this statement is consistent with (6.7)
because of the SU(2) R mixing described in Footnote 20 which induces a non-trivialĈ1
component for the chiral algebra normal-ordered product.
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Given this chiral algebra, we will argue that its vacuum character has a surprisingly simple exact expression in terms of certain su(2) −2 × su(3) −3 characters. This expansion will turn out to be remarkably similar to the expansion one finds for the T 2 theory (although the precise characters we sum over are different). In addition to pointing to some mysterious connections between AD theories and T N SCFTs, we are able to use this formula to take the q → 1 limit and make contact with the S 3 partition function of the 3D quiver appearing in Fig. 3 . 32 This last statement is true as long as the 2D chiral algebra is related to a unitary 4D SCFT by the correspondence discussed in [18] . 33 Therefore, the Schur operator sitting in thisĈ 1 2 (0,0) multiplet does not map to a generator of the chiral algebra. This situation is quite similar to what happens in, say, the chiral algebra of the T 3 = E 6 theory, where the stress tensor is not a new generator of χ(E 6 ) due to the SU (2) R twisting of the moment maps and the mixing in of theĈ 0(0,0) multiplet in the corresponding normal-ordered product.
Re-writing the index in terms of AKM characters
Since χ [T X ] has AKM symmetry, it is reasonable to organize the index in terms of AKM representations. In particular, we claim that (4.10) can be re-written as follows
where ch
and ch
are AKM characters with highest-weight states transforming in representations of SU(2) and SU(3) characterized by Dynkin labels λ and λ 1 = λ 2 = λ respectively.
In fact, (7.1) is a completely explicit formula, since AKM characters of su(N) at the critical level have the following simple closed-form expression (e.g., see [25] )
where λ is a vector containing the N − 1 Dynkin labels characterizing the su(N) quantum numbers of the highest-weight state, ρ is the Weyl vector, ·, · is the standard inner product, 34 and the q-dimension is defined as
where ∆ + denotes the set of positive roots, and the q-deformed number is given by
Amusingly, we can give an argument in favor of (7.1) that parallels the discussion in [25] for the T N case. The first term, q 3 2 λ , is related to the dimension of the non-trivial AKM primary, W a I , and the dimensions of its products. The plethystic exponential "structure constants"
P.E. 2q
6) 34 For SU (N ), we have λ, ρ = i,j λ i F ij ρ j = i,j λ i F ij (where we have used that ρ = (1, · · · , 1) in the last step) and F ij is the quadratic form matrix (i.e., the inverse of the Cartan matrix). In the cases of interest, this inner product reduces to
have a simple interpretation as well. Indeed, the first term adds in normal-ordered products of the stress tensor and its derivatives with the other operators in the theory (note that these operators vanish in the AKM modules at the critical level) and also adds in normalordered products of the h = 2 state built out of Casimirs of currents orthogonal to (6.5) with other operators in the theory (since this linear combination should not be null in the full chiral algebra). The second term in (7.6) adds back in the level one modes of these two operators, and the final term subtracts relations (for λ = 0, this relation is required by the invariance of the vacuum under these modes).
We have also conducted many highly non-trivial checks of (7.1). For example, we have checked that, perturbatively in q, (7.1) coincides with the expression in (4.10) to very high order. Non-perturbatively in q = e −β we have also performed various checks. For example, it is straightforward to see that
This behavior is consistent with the expected Cardy-like scaling discussed in [34] 35 lim β→0 log I(q,
where, the last equality holds by U(1) R 't Hooft anomaly matching in theories with genuine Higgs branches (i.e., moduli spaces where, at generic points, the theory just has free hypermultiplets). In the case of the T X theory, we expect there to be a genuine Higgs branch since the mirror of the S 1 reduction of the T 3, 3 2 theory in Fig. 3 has a genuinie Coulomb branch (the result in (7.7) can also be taken as further evidence for the proposal in Fig. 3 ).
An even more interesting non-perturbative in q check of our above discussion is to take the β → 0 limit of (7.1), drop the divergent piece in (7.7), and study the resulting S 3 partition function, Z S 3 . As we review in greater detail in Appendix C, using the prescription in [36] we obtain
35 Such behavior holds for theories whose S 3 partition function (upon performing an S 1 reduction) is finite.
On the other hand, we are not aware of any N = 2 SCFT counterexamples to this behavior. Moreover, this scaling has been observed in many classes of strongly interacting N = 2 SCFTs [19, 35] .
where the "Div." factor is the flavor-independent divergent piece in (7.7), w = e −iβζ , z k = e −iβζ k , and the summation over λ in (7.1) becomes an integral over m. On the other hand, we can compute the partition function of the mirror of the quiver in Fig. 3 , given in Fig. 6 of Appendix C, (or of the original quiver in Fig. 3 itself) and divide out by the contribution of a decoupled hypermultiplet to obtain
A direct calculation carried out in further detail in Appendix C reveals that (up to an unimportant overall constant)
when we identify m i ↔ ζ i and m ′ ↔ ζ. 36 This result is a strong check of our discussion and also of the proposal in [10, 37] .
In the next section we move on and discuss the HL limit of the index and some additional predictions for the Schur sector of T X . Before doing so, let us make a few brief comments on what we have found in this section
• The structure constants given in (7.6) that multiply the AKM characters in (7.1) are precisely those of the free T 2 theory [25] . While the set of modules we sum over is "diagonal," it is not the same set of modules we sum over for the T 2 theory (although the modules are in one-to-one correspondence). It is quite remarkable that all the component Schur indices in our duality described in Fig. 1 and 2 are so closely related to those of free fields. Moreover, the form of the partition function in (7.1) suggests simple generalizations to other (hypothetical) SCFTs.
• We have found strong evidence in favor of the quiver given in Fig. 3 for the mirror of the S 1 reduction of the T 3,
for the S 1 reduction of the T X theory contains 3D monopole mass terms
where O ± are the monopoles in the UV theory that map to the free (twisted) hypermultiplet according to the discussion in Footnote 12, and ϕ ± are fields we add by hand in order to reproduce the IR SCFT that the T X theory reduced on a circle flows to. This situation is quite unlike what happens for the mirrors of many of the dimensional reductions of the AD theories discussed in [10, 37] (see also the discussions in [27, 35, 38] ).
A remark on the Hall-Littlewood chiral ring of T X and the Schur sector
In this section, we briefly discuss the Hall-Littlewood (HL) chiral ring of the T X theory in order to tease out some additional information about the Schur sector of the T X SCFT.
Based on our discussion above, the HL ring is generated by the following 4D Schur operators
where A and I are adjoint indices of SU (2) and SU (3) respectively, and a is a fundamental index of SU(2).
In (6.7), we saw that W 
Note that, compared with the Schur index in (4.10), the HL index is missing a contribution
2 ) (recall that the power of the fugacity in the HL limit of the index is also given by h = E −R). The only apparent explanation, given our generators and the above discussion, is that there is a relation in the HL ring of the form
In order to reconcile this relation with (6.7), we conjecture that the theory has aĈ1 , and that this operator appears in the SU(2) R twisted 37 We thank S. Benvenuti and S. Giacomelli for a discussion on this point. 38 This discussion is analogous to what happens in the OPE of moment maps in the rank one theories discussed in [18] (there the 2D interpretation of the corresponding OPE is that the stress tensor is a Sugawara stress tensor; in the case of the T X theory, the conclusion is quite different).
In the next section we will switch gears and focus on the implication of the non-vanishing
Witten anomaly of SU(2) ⊃ G T X for the 2D/4D correspondence of [18] .
Witten's anomaly and the chiral algebra
One of the deepest questions in the 4D/2D correspondence of [18] is to understand which chiral algebras in 2D are part of a "swampland" of theories that cannot be related to 38 Often one must use highly non-trivial superspace techniques to determine which short multiplets are allowed by N = 2 superconformal symmetry to appear in the OPE of two short multiplets (e.g., see [39, 40] ).
However, in our case, a more pedestrian approach suffices to show that (8.5) is allowed. Indeed, we can show that such terms exist in free SCFTs. To that end, consider a free hypermultiplet
where i is an SU (2) R spin-half index. Let us constructB 1 andB 3 2 multiplets of the form q (iqj) and q (i q jqk) respectively (where "(· · · )" denotes symmetrization of the enclosed indices). This theory has aĈ 1 2 (0,0) multiplet with a primary of the form ǫ ij q iqj q k . The associated Schur operator is (up to an overall normalization)
We then see that (8.5) is allowed by supersymmetry since a trivial computation in free field theory reveals that (at separated points) follows from the analysis in [39] 
We would like to point out that another constraint chiral algebras outside the swampland must obey is that they are not related to 4D N = 2 SCFTs that have a gauge symmetry with a Witten anomaly [16] . 39 Indeed, the corresponding 4D theory is inconsistent. Interestingly, our T X theory allows us to construct an infinite number of pathological SCFTs by gauging the SU(2) global symmetry (of course, we can also construct infinitely many conformal manifolds that are consistent and have no Witten anomaly; note that the T X theory on its own is also perfectly consistent since the SU(2) symmetry is global).
A simple example of such a pathological theory is given in Fig. 5 . To construct this SCFT, we gauge a diagonal SU(2) flavor symmetry of the T 2 and T X theories (where the T X contribution is the anomalous SU(2) factor and not a subgroup of SU (3)). Using the expression for the T 2 index given in [25] and our expression in (7.1), it is straightforward to verify that the naive index of the pathological theory is
where y 1,2 are SO(4) fugacties, and z 1,2 are the SU(3) fugacities introduced above. 39 However, it is conceivable that two different 4D N = 2 SCFTs might have the same chiral algebra (although we are not aware of any such examples). Therefore, we cannot immediately rule out the (perhaps remote) possibility that one might have a 2D chiral algebra that is related both to a well-defined 4D SCFT and a pathological one of the type described here. 40 We are making this statement at the naive level of operator counting. Note that the Z S 1 ×S 3 partition function (which differs from the index by certain pre-factors) may have additional pathologies.
It would be interesting to understand how (or even if!) this pathology is manifested in the 2D setting. One possibility is that such chiral algebras (like the one whose vacuum character is given in (9.2)) are somehow pathological (or perhaps the non-trivial representations of these chiral algebras are pathological). Another possibility is that the chiral algebras and their modules are perfectly consistent at the level of 2D QFT but still detect the pathology of the 4D theory. While we have not fully investigated this question, we suspect the latter possibility holds (we should also note that, in principle, it could be that the chiral algebra and its representations are perfectly consistent and also do not detect the 4D pathology). We hope to return to this question soon. 41 
Conclusions and open questions
Using very little data, we found the Schur index and chiral algebra of the exotic isolated irreducible SCFT, T X , 42 that emerges in the simplest AD generalization of Argyres-Seiberg duality. Moreover, we saw this theory has a remarkable resemblance to its cousin T N theories (although its chiral algebra is even simpler) and that, like the other component theories of the duality described in [11] , the T X Schur index is intimately related to the index of free fields (even though the theory itself is strongly interacting). As a result of this study, we found a more pleasing place for the duality described in [11] in the landscape of N = 2 dualities.
Our work raises many open questions. Among them are the following:
• Is there a deeper relation between the T X SCFT and the T N theories? We saw the Schur indices were closely related. What about more general limits of the index? Is there a family of T X theories arising from N = 2 S-dualities that are close cousins of the T N theories?
• Is there an explanation for why all the component theories in the duality we considered have Schur indices that are so closely related to those of free fields (perhaps generalizing the reasoning in [22] )? Could this be some interesting manifestation of modularity in disguise?
• We saw that our indices are naturally written in terms of AKM characters. Is there a 41 It may be possible to use some of the theories described in [41] to study this question as well. 42 Note that this chiral algebra lies outside the classes of AD chiral algebras considered in the literature before (e.g., see [19, 20, 31, 32, 42, 43] ).
form of the index that is more natural from a TFT perspective (perhaps generalizing [19, 35, 43, 44] )?
• We know that the T 3, 3 2 theory has a class S description (using the results in [10] ).
Does the T X theory have such a description? Could the TFT description of the index shed some light on this question?
• If the T X theory has a class S description, is there a geometrical way to encode the presence of the Witten anomaly in a puncture?
• This theory lacks D ⊕D operators in its HL ring. Is this absence a clue for the appropriate way to think about the topology of the Riemann surface in this case (again, assuming the theory is class S)? See [45] for some recent ideas on the topology that is naturally associated with AD theories.
• The T X chiral algebra has only bosonic operators. Is this part of some larger pattern for isolated 1 < N < 3 SCFTs?
• Our theory has SU(3) × SU(2) × U(1) flavor symmetry (when viewed as an N = 1 theory). We are not aware of another way to find this symmetry group in string or field theory from a minimality condition (recall that in our case, this symmetry emerges from requiring that we study the minimal generalization of Argyres-Seiberg duality to N = 2 SCFTs with non-integer chiral primaries). Can the minimality we are discussing be made more precise so that one can find this SCFT using the conformal bootstrap (perhaps, in light of (8.3) and (6.7), it will be useful to study the
What if we gauge the flavor symmetry-can this SCFT act as a hidden sector for beyond the standard model physics (since the U (1) is not asymptotically free, this gauged theory can, at best, be part of an effective field theory)?
• Is it possible to make contact with a generalization of [46] to the case at hand?
• Can we find a manifestation of the 4D Witten anomaly for the (inconsistent) SCFT in Fig. 5 in the corresponding 2D chiral algebra (as discussed in Sec. 9)?
• As a final amusing note, it is interesting to observe that the expression in (7.1) makes it rather trivial to write down simple formulae for the indices of conformal manifolds built out of T X theories (as in the case of the T N theories). For typical conformal manifolds built out of AD theories (e.g., as in the case of the (A N , A M ) conformal manifolds studied in [35] ), this procedure is considerably more complicated.
Appendix A. Proof of the XYY formula
In this appendix we review the fact that the conjectured XYY formula for the Schur index of the (A 1 , D 4 ) theory [21] reproduced in (4.4) can be proven using Theorem 5.5 of [31] (in fact, this result follows directly from (11) of [22] ).
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To that end, we start with the XYY formula
Expanding the plethystic exponentials, we obtain
and we can then rewrite (A.1) as
It is then straightforward to show that (A.3) becomes the Schur index of the (A 1 , D 4 )
SCFT given by Theorem 5.5 of [31] (setting p = 2 and with the q 1/3 prefactor stripped off)
under the fugacity map
The relation in (A.5) corresponds to the decomposition of the SU(3) fugacities into fugacities of SU(2) × U(1). Before concluding, note that, as in (4.8), the "±" superscripts in (A.4) are understood as a product over each sign, e.g.
(A.6)
Appendix B. Details of the Inversion Formula
In this appendix we find an integral expression for the superconformal index of the T 3, 3 2 theory in the Schur limit by employing the inversion theorem proved in [23] . Our use of the inversion theorem is similar to its use in the case of the E 6 SCFT by the authors of [24] , but there are some technical differences here since our SU(2) duality frame in Fig.   2 has, in addition to the T 3,
theory, a strongly interacting (A 1 , D 4 ) SCFT instead of a pair of hypermultiplets as in the E 6 case. Nonetheless, we will argue that, using the results reviewed in Appendix A and an argument about analytic properties of the index, we can invert the gauge integral of the index in the SU(2) duality frame.
In order to find the index in the two duality frames we need the index of the basic building blocks in Figs. 1 and 2 . To that end, the single letter index of the N = 2 vector multiplet (transforming in the adjoint of the gauge group) and half-hypermultiplet (transforming in representation R of the combined gauge and flavor groups) can be found in [17] (whose labelling conventions for fugacities we follow). Here we reproduce these indices in the Schur limit
We can "glue" these indices along with the index of the (A 1 , D 4 ) SCFT given in (4.4) by integrating their product over the Haar measure of the diagonal subgroup we are gauging.
We start with the SU(3) side of the duality where we are gauging the diagonal part of the SU(3) flavor symmetries of the two (A 1 , D 4 ) theories along with 3 fundamental hypermultiplets as in Fig. 1 . The latter degrees of freedom supply the U(3) symmetry, which is decomposed as U(3) = SU(3) z ⊗ U(1) s . The index on this side of the duality is then given by
where T is the positively oriented unit circle,
is the Haar measure of SU (3), and the x i (i = 1, 2, 3) satisfy the constraint 3 i=1 x i = 1. We can rewrite (B.2) slightly using elementary computations described in appendix A P.E.
Substituting (B.3) into (B.2) and performing some simplifications yields the following explicit formula
Since the index is invariant under duality transformations, (B.4) has to equal the index on the SU(2) side of the duality where we are gauging the diagonal SU(2) e of the (A 1 , D 4 ) and T 3, theories as in Fig. 2 . We can write the index in this duality frame as (e − e −1 )(e −1 − e) is the Haar measure of SU (2) . Rewriting the plethystic exponential as in (B.3) and performing some simplifications leads to
Finally, to make contact with the inversion theorem, we replace q → √ q
Now we will explain how to use the inversion theorem in order to extract I T is highly non-trivial since it is not at all obvious why (B.7)
preserves all the information about this quantity.
B.1. Inversion Theorem
This subsection closely follows Appendix B of [24] . The input to the inversion theorem of [23] is the following type of contour integral (p; p)(q; q), w is on the unit circle, and the integral kernel is defined as
In (B.9), T is a function of p, q, t ∈ C satisfying
and f (s) ≡ f (s, p, q, t) is a function that is holomorphic in the annulus
for small but finite ε > 0 and also satisfies
The contour C w = C −1 w lies in the annulus A with the points T −1 w ± in its interior (and therefore the points T w ± in its exterior). If these conditions are all satisfied, then the inversion theorem states that f can be recovered from the contour integral
(B.14)
As first applied to the index in [24] , this inversion theorem is used as follows. First, one finds a representation of the conformal manifold index that is of the form of the RHS of (B.14). In particular,f (e) should contain the index of the isolated SCFT (the E 6 theory in [24] or the T 3, 3 2 SCFT in the case at hand) we wish to determine. One then makes an analytic assumption thatf (e) can be written as in (B.8) for some function f (s) satisfying (B.13) while being analytic in the annulus, A. Then, the inversion theorem implies that f (s) is the index of the conformal manifold. However, in general, one is not guaranteed that the analytic assumption described above holds.
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As a result, to apply this theorem in our case, we first need to choosef (e) in (B.14)
so that (B.14) coincides with (B.7). To that end, using 15) and (A.2) one finds that the "delta function" in (B.14) satisfies (for our choice of T discussed below)
δ(e, s; T, p, q) = (T 2 ; q)(e ±2 ; q) (T e ± s ± ; q)δ (e; T, p, q) , (B.16)
whereδ(e; T, p, q) contains p-dependent terms. By comparing (B.7) with (B.14), one can see that if we choose T = √ q and
the two expressions coincide.
However, there is an additional wrinkle in our application of the inversion theorem relative to the E 6 case in [24] . Indeed, under the analytic assumption described in the paragraph below (B.14), we have
where, as in (B.16), we have separated δ into a p-independent part and a p-dependent part, δ. While the p-dependence in (B.18) can be cancelled so that
the condition (B.10) fails for T = √ q, and δ(s, w;
; q) = 0). Therefore, the RHS of (B.19) vanishes.
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44 Therefore, the authors of [24] performed many non-trivial consistency checks of this procedure in the E 6 case. Our results in the main text can be viewed as highly non-trivial consistency checks of this procedure for the T 3, 3 2 SCFT. 45 A similar situation occurs in the E 6 example of [24] if one first takes the Schur limit and then performs the integration.
To get a more sensible answer, we can consider taking T = √ q(1 + ε ′ ) for ε ′ ≪ 1. In this case, we have 1 20) and the expression on the RHS of (B.19) is non-vanishing since it becomes
In particular, note that the double poles at s = T −1 w ±1 and s = qT −1 w ±1 in (B.19) are resolved into eight single poles in (B.21) with one of each pair still taken to be in the integration contour (for a total of four) and a factor of ε ′−1 from the residues that cancels the factor of ε ′ arising from (B.20) (all other contributions will be parametrically smaller in ε ′ ). Taking the ε ′ → 0 limit then gives us a prescription for computing the Schur index
The contour integration around an infinite number of poles thus reduces to the residues of just four poles whose contribution gives us the simple expression
(B.23)
We can justify the above discussion a posteriori by noting that the non-trivial checks in the main text strongly suggest that (B.22) is a consistent prescription. While a similar procedure works for the Schur index of the E 6 SCFT discussed in [24] , our case at hand is somewhat more special. Indeed, we used the fact that the (A 1 , D 4 ) SCFT has a Schur index whose s dependence (after taking q → √ q) in (B.7) is the same as for δ(e, s; √ q, p, q).
On the other hand, when we take T → √ q(1 + ε ′ ), we do not necessarily expect that the (A 1 , D 4 ) SCFT has a limit of the index whose s dependence matches the s dependence in δ(e, s; √ q(1 + ε ′ ), p, q) to all orders in ε ′ . However, the O(ǫ ′ ) resolution of the double poles into single poles described above should correspond to a shift in the fugacities of the index so that previously degenerate contributions from sets of operators are no longer degenerate (this statement is quite natural since generic single letter contributions to the index will be shifted at O(ǫ ′ ) if we identify T with a fugacity) and that higher-order differences with respect to δ(e, s; √ q(1 + ε ′ ), p, q) do not affect the validity of our computation in the limit of small ε ′ .
U(2)
3 Fig. 6 : The quiver diagram describing the S 1 reduction of the T 3,
theory (it is mirror to the mirror in Fig. 3 ). The closed loop beginning and ending at the U(2) node denotes an adjoint hypermultiplet of U(2).
Appendix C. q → 1 and S 3 partition function
The superconformal index can alternatively be viewed as a partition function on S 3 × S 1 .
Moreover, the fugacity q = e −β introduced in the main text controls the relative radii of the S 3 and S 1 factors. In particular, in the β → 0 limit, the S 1 factor shrinks relative to the S 3 factor and, up to divergent terms, we expect the index to reduce to the S 3 partition function, Z S 3 .
In the limit of β → 0, our expression for the T X index in (7.1) can be described by the rules in [36] . In particular, the sum over λ is replaced by an integral on m, where
and the group fugacities are w = e −iβζ , z i = e −iβζ i . We drop group fugacity independent factors in (7.1) and only work to leading order in β. The β → 0 limit of the remaining quantities are given by the following dictionary [36] P.E.
(z 1 , z 2 , z 3 ) → sin πm(ζ 1 − ζ 2 ) sin πm(2ζ 1 + ζ 2 ) sin πm(2ζ 2 + ζ 1 ) (ζ 1 − ζ 2 )(2ζ 1 + ζ 2 )(2ζ 2 + ζ 1 ) . (C.2) Using (C.2) and replacing the sum over λ with an integral over m, the β → 0 limit of (7. One can integrate (C.3) by turning it into a contour integral and using the residue theorem.
The result is the following 1 32 sech πζ (2csch π(ζ 1 − ζ 2 ) csch π(ζ 1 + 2ζ 2 ) sech π(ζ − 2ζ 1 − ζ 2 ) sech π(ζ + 2ζ 1 + ζ 2 )
− csch π(2ζ 1 + ζ 2 ) csch π(ζ 1 + 2ζ 2 ) sech π(ζ + ζ 1 − ζ 2 ) sech π(ζ − ζ 1 + ζ 2 )
− csch πζ csch π (ζ 1 − ζ 2 ) csch π (ζ 1 + 2ζ 2 )
× ((2ζ + 3ζ 1 + 5ζ 2 ) sech π (ζ − ζ 1 − 2ζ 2 ) sech π (ζ + ζ 1 − ζ 2 )
− (4ζ + 3ζ 1 + 5ζ 2 ) sech π (ζ − ζ 1 + ζ 2 ) sech π (ζ + ζ 1 + 2ζ 2 )) − 1 2 csch πζ csch π (2ζ 1 + ζ 2 ) csch π (ζ 1 + 2ζ 2 )
× ((4ζ + ζ 1 + ζ 2 ) sech π (ζ − ζ 1 − 2ζ 2 ) sech π (ζ − 2ζ 1 − ζ 2 )
− (2ζ + ζ 1 + ζ 2 ) sech π (ζ + 2ζ 1 + ζ 2 ) sech π (ζ + ζ 1 + 2ζ 2 ))
This answer can then be compared with the partition function of the S 1 reduction of T X or of the mirror theory in Fig. 3 . The direct S 1 reduction of T 3, is described by an N = 4 U(2) gauge theory whose Lagrangian quiver is illustrated in Fig. 6 [47] . Once we decouple the contribution of the SU(2) gauge singlet part of the adjoint hypermultiplet, 1 cosh πm ′ , which is the 3D descendant of the decoupled hyper of T 3, In this appendix, we derive the HL index in (8.2) . In the language of [6] , the HL operators are a subset of the Shur operators described around (2.4) and are of typeB R and D R(0,j 2 ) ⊕ D R(j 1 ,0) (see Sec. 2 for more details). In this section we merely note that they contribute to a limit of the superconformal index described in [17] where their contributions are of the form t E−R where t is the HL superconformal fugacity (this limit of the index also detects flavor symmetries).
When a 4D N = 2 theory is put on a circle, we can often compute the HL limit of the index from the 3D N = 4 Higgs branch Hilbert series provided the compactification is sufficiently well-behaved. Equivalently, mirror symmetry allows us to compute the HL limit of the 4D theory from the Coulomb branch Hilbert series of the mirror theory.
Indeed, we can try to compute I T X HL by first computing I HL from the 3D mirror gauge theory that follows from the rules reproduced in Fig. 3 and described in [10] . 46 Using the results in [50] , we can write this index as follows where the arguments of P denote integral GNO flux (restricted to a Weyl chamber of the weight lattice of the GNO dual gauge group as described in [50] ), ζ A,B,C are fugacities for the U(1) 3 topological symmetry, ∆ is a monopole scaling dimension for operators charged under the GNO flux, and P (a A,1 = a A,1 , a B,1 = a B,2 , a C,1 = a C,2 ) = 1 (1 − t 2 ) 3 , P (a A,1 > a A,1 , a B,1 = a B,2 , a C,1 = a C,2 ) = P (a A,1 = a A,1 , a B,1 > a B,2 , a C,1 = a C,2 ) = P (a A,1 = a A,1 , a B,1 = a B,2 , a C,1 > a C,2 ) = 1 (1 − t)(1 − t 2 ) 2 , P (a A,1 > a A,1 , a B,1 > a B,2 , a C,1 = a C,2 ) = P (a A,1 > a A,1 , a B,1 = a B,2 , a C,1 > a C,2 ) = P (a A,1 = a A,1 , a B,1 > a B,2 , a C,1 > a C,2 ) = 1 (1 − t) 2 (1 − t 2 ) , P (a A,1 > a A,1 , a B,1 > a B,2 , a C,1 > a C,2 ) = 1 (1 − t) 3 .
(D.
2)
The monopole scaling dimension in (D. 46 Note that we found substantial evidence in favor of this proposed quiver in the main body of the text.
we can then expand the HL index in t to find We immediately see a free hypermultiplet at O(t 
